A theory of optical anisotropy for zinc-blende semiconductors in an electric field is derived by extending the formalism of Luttinger and Kohn [Phys. Rev. 97, 869 (1955)] to higher order. This resolves a recent controversy over the correct form of the Hamiltonian for the degenerate valence bands. PACS numbers: 78.20.Jq, 71.20.Nr, 78.20.Bh, 78.40.Fy One of the outstanding problems in solid state physics has been that of a periodic crystal in a uniform electric field. The presence of a field gives rise to the possibility of such interesting phenomena as Bloch current oscillations, Wannier-Stark quantization of the energy levels, Zener tunneling between bands, and Franz-Keldysh oscillations in the absorption spectrum. Recently, Khurgin and Voisin [1] have drawn attention to a fundamental problem in this area that is still unsolved-namely, how to describe the influence of an electric field on degenerate Bloch bands, such as the G 15 valence bands in a zinc-blende semiconductor.
One of the outstanding problems in solid state physics has been that of a periodic crystal in a uniform electric field. The presence of a field gives rise to the possibility of such interesting phenomena as Bloch current oscillations, Wannier-Stark quantization of the energy levels, Zener tunneling between bands, and Franz-Keldysh oscillations in the absorption spectrum. Recently, Khurgin and Voisin [1] have drawn attention to a fundamental problem in this area that is still unsolved-namely, how to describe the influence of an electric field on degenerate Bloch bands, such as the G 15 valence bands in a zinc-blende semiconductor.
Interest in this topic has been aroused by the discovery of the quantum-well Pockels effect [2] [3] [4] , in which the optical properties (absorption and permittivity) of a quantum well in an electric field exhibit an unusually large in-plane polarization anisotropy. Although the anisotropy due to the broken crystal symmetry at a heterojunction is now reasonably well understood [5, 6] , the contribution from the field in bulk material remains controversial [1, 7] .
It is somewhat surprising that such a basic problem was not solved in the 1950's and 1960's, when effectiveHamiltonian theory and the Franz-Keldysh effect [8] [9] [10] were under heavy investigation. The reason for this lies in the fact that the most obvious approach to the problemsolving the Schrödinger equation in the Bloch representation [11, 12] -is intractable. As noted by Wannier [13] , the coordinate operator in the Bloch representation is a singular function of k at a degeneracy [12, p. 331] . To avoid this difficulty, previous analyses of Franz-Keldysh electroabsorption have used a simplified two-band model with no degeneracy [8] [9] [10] . However, such a model does not give rise to optical anisotropy.
An alternative approach, suggested by Wannier [13] but never implemented, is to use the Luttinger-Kohn representation [14] , in which the crystal Hamiltonian is not diagonal, but the coordinate operator is an analytic function of k. This representation is thus well suited for the treatment of degenerate bands. The paper of Luttinger and Kohn treats explicitly only the lowest-order effective-mass approximation, but there is no difficulty in principle in extending their analysis to higher order. The present work takes this approach, with the goal of (i) establishing a valid Hamiltonian for degenerate bands in an electric field and (ii) using this theory to calculate the anisotropy in the near-band-gap absorption of a zinc-blende semiconductor in an electric field.
The results derived in this Letter show unequivocally that the mechanisms for bulk anisotropy proposed in several recent articles [1, 3, 15] are incorrect. It is shown here that in the Luttinger-Kohn representation the two main linear-field mechanisms are (i) polarization of the electron wave function, which changes the interband momentum matrix elements but does not split the valence-band states at k 0 and (ii) piezoelectric-induced splitting of the valence bands.
The Luttinger-Kohn representation uses basis states jnk͘, where n labels the zone-center Bloch functions u n0 ͑x͒, and k is a wave vector in the first Brillouin zone. In coordinate space, the basis functions are ͗x j nk͘ e ik?x u n0 ͑x͒. Every operator considered below has matrix elements of the form ͗nkjAjn 
Here e n is the energy of state u n0 , m is the mass of a free electron, and p a nn 0 is the a component of the momentum matrix element between u n0 and u n 0 0 (a sum on a is implied). For a uniform electric field E, the potential energy U has the form U͑x͒ eE ? x (e . 0), so its matrix elements are given by Eq. (II.44) of Ref. [14] :
The goal is to find a basis in which H has no interband matrix elements to first order in k and E; states with different e n are thereby decoupled to second order in k and E. One starts by eliminating the k ? p coupling H ͑1͒ . This is done by applying a unitary transformationH e 2S He S H 1 ͓H, S͔ 1
0031-9007͞00͞84 (11)͞2505 (4) 
which is valid to second order (thus omitting terms of order
, S͔ is just the usual effective-mass correction,
In conventional effective-mass theory, the terms ͓U, S͔ and 1 2 ͓ ͓ ͓͓U, S͔, S͔ ͔ ͔ are omitted [14] . Here they are retained, since they represent the lowest-order band-mixing effects arising from an electric field. From (3) and (4), one has
The next task is to eliminate the first-order interband terms in Eq. (7). This is done by applying a second unitary transformationĤ e 2RH e R , in which R is chosen such that ͓U, S͔ 1 ͓H ͑0͒ , R͔ 0 [18]:
The new Hamiltonian is thereforê
where the identity ͓U, R͔ 0 has been used. The only undetermined quantity in (10) is
Equation (10) achieves the desired second-order decoupling of the energy bands.
To calculate optical transition rates, one also needs to know the momentum operator. This is obtained from the unitary transformationsp e 2S pe S andp e 2Rp e R ; to first order in k and E, one haŝ
The matrix elements of these operators are
The states of interest are the G 1 conduction (n S) and G 15 valence (n 0 X, Y , or Z) bands of a zinc-blende semiconductor. The symmetry properties of these states [17, 19] can be used to write ͗SjpjX͘ as
with ͗SjpjY ͘ and ͗SjpjZ͘ obtained from cyclic permutations of x, y, and z. 
This shows clearly that, if E k ͓001͔, the optical transition rate is not the same for light polarized along the x 0 and y 0 axes. To lowest order, the anisotropy is linear in E. I turn now to the task of calculating the absorption spectrum to first order in E [thus neglecting Eq. (11)] for the case E k ͓001͔. Excitonic effects [20, 21] are ignored. The first step is to solve the eigenvalue problemĤF eF, which is a set of coupled first-order differential equations: 
Here A ci h 2 ͞2m ci , where m ci is the effective mass in the i direction, and e c is the energy eigenvalue.
For the degenerate valence band, Eq. (20) cannot be solved analytically as it stands. To obtain an analytical solution, one must invoke the "diagonal approximation" in which all off-diagonal matrix elements ofH are neglected. Such an approximation obviously cannot yield the correct energy and wave function for the strongly mixed valence states. However, due to the sum rule for oscillator strengths, the diagonal approximation provides a reasonably accurate description of the absorption spectrum [3, 24] . This approximation is therefore adopted in what follows.
If the diagonal approximation is to give reasonable results, all off-diagonal terms should vanish at k 0. This is indeed the case forH (up to first order in E), but, for zinc-blende crystals under stress-free boundary conditions, there is an additional contribution to the Hamiltonian from the piezoelectric effect. In this effect, the field E ẑE generates a shear strain´x y (21), except one replaces m ci with 2m yi and e c with e y 1 e g , where e g is the energy gap. The next step is to calculate the interband matrix elements ofp, which may be expressed in terms of P, B, D, and the overlap integrals [23, 27] 
Here 
Here the upper (lower) sign is for light polarized along the x 0 ( y 0 ) axis, and b 6 ͑e g 7 d 2hv͒͞Q, where
2 dd 14 E is the piezoelectric splitting andhv is the photon energy. R is given by
where m ͑m x m y m z ͒ 1͞3 ,´0 is the permittivity of free space, n is the refractive index, and c is the speed of light. The valence-band masses are m͞m yx 0 g 1 1 g 2 6 3g 3 , m͞m yy 0 g 1 1 g 2 7 3g 3 , and m͞m yz g 1 2 2g 2 , where g i is a Luttinger parameter.
Since Eq. (24) 
in which b ͑e g 2hv͒͞Q. This shows that the parameters d and B, although of different physical origin, give rise to the same frequency dependence of a.
The anisotropy in the absorption spectrum is defined by r ͑a x 0 2 a y 0 ͒͑͞a x 0 1 a y 0 ͒. Since the absorption is significant primarily forhv . e g , one can simplify the above results by using the asymptotic expression Ai͑2x͒ ϳ p 21͞2 
The absorption coefficient and anisotropy for GaAs are plotted versus frequency in Fig. 1 
